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Localization of Rayleigh waves
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We study the localization of Rayleigh waves propagating in a semi-infinite and isotropic medium with
inhomogeneities that are modeled as rods parallel to the incoming wave front and are distributed randomly up
to a maximum depth. For a perfectly smooth surface, the localization length of a Rayleigh wave is predicted to
reach a minimum at intermediate wavelengthl and to diverge for both low and large values ofl. For largel,
the divergence results from the fact that the strength of each scatterer is proportional tov2, wherev is the
angular frequency of the incident Rayleigh wave. For smalll, the divergence results from Rayleigh waves
propagating closer to the surface and therefore being sensitive to a decreasing number of impurities.
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I. INTRODUCTION

Multiple scattering is a phenomenon generic to wa
propagation in inhomogeneous media which can lead to
exponential attenuation of a wave, even in the absence of
dissipative mechanism. This phenomenon is usually refe
to as localization and was predicted in 1958 by Anderson
electrons propagating in disordered solids.1 Since then, it has
now been well established both theoretically and experim
tally that, even with an infinitesimal amount of randomne
all waves ~Schrödinger and classical! are localized in sys-
tems with spatial dimensions less than or equal to two.2

For acoustic~seismic! waves, a thorough understanding
practically relevant effects, such as disorder-induced delo
ization transition in randomly stratified media, wave conv
sion between seismic shear and pressure waves, and geo
cal information in the coda of seismic shot records, sho
improve the quantitative analysis of seismograms of the
terior of the earth. Up to now, there has been only a f
investigations of the possibility of localization of acous
and seismic waves.3

The frequency dependence of the localization lengthL loc
for acoustic waves in one-dimensional randomly layered m
dia has been studied both numerically and analytically
Sheng and co-workers.4,5 They showed that beyond the low
frequency behavior ofL loc;v22, wherev denotes the an
gular frequency, the localization length either approache
constant or diverges at high frequencies. In all cases the
ues ofL loc for a given random medium was found to exhib
a well-defined lower bound value generally several order
magnitude times the correlation length between impurit
White and co-workers used Sheng’s localization theory
successfully interpret the backscattering spectra of seis
waves recorded in sonic well logs from diverse geologi
environments.6

Recently, Mesegueret al. have studied the scattering o
Rayleigh waves by a periodic array of cylindrical hol
drilled perpendicular to the surface of a marble quarry.7 The
cylindrical holes were arranged in periodic arrays of bo
honeycomb and triangular lattices. By recording the atte
PRB 620163-1829/2000/62~19!/12831~7!/$15.00
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ation spectra of the surface waves, Mesegueret al. observed
the existence of absolute band gaps for elastic waves in t
semi-infinite two-dimensional crystals. As a possible app
cation of their investigations, they suggested the contro
attenuation of surface waves generated by earthquakes.

In this paper we focus on the propagation of surfa
waves ~Rayleigh waves! and determine their localization
length as a function of frequency in the presence of impu
ties ~scatterers! close to the surface. The characterization
Rayleigh waves propagating in disordered media is imp
tant for several reasons. Rayleigh waves are often quite d
aging in the propagation of earthquakes and also produ
ground-roll noise in the interpretation of seismic record8

Surface wave studies have also received increased atte
from civil engineers over the last 15 years for imaging t
subsurface using the so-called SASW technique~spectral
analysis of surface waves!.9–11 Some applications of the
SASW method include the detection of buried stream ch
nels in rocks, the determination of the depth of trenches fil
with debris from a bombing range, and the detection a
delineation of buried cavities, among others.12

Hereafter, we consider the simple problem of Raylei
propagation through a half-space occupied by an isotro
homogeneous linearly elastic material in the presence o
random array of inhomogeneities. The analysis presen
here is not readily applicable to the interpretation of Ra
leigh wave propagation through stratified media which
more representative of the actual earth crust,9 but it can serve
as a benchmark calculation in the development of more
phisticated models.

This paper is organized as follows. In Sec. II we descr
the scattering-matrix formalism used to determine the wa
length dependence of the localization length for Rayle
waves normally incident on a two-dimensional array of c
cular rods parallel to the surface of a semi-infinite mediu
Section III describes the results of numerical simulatio
Section IV contains our conclusions.

II. APPROACH

In 1970 Steg and Klemens used the Born approximat
to study the scattering of Rayleigh waves by surface irre
12 831 ©2000 The American Physical Society
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larities ~mass defects! as a function of frequency and defe
depth.13 They argued that the most general solution to t
problem requires two kinds of scattered waves, namely R
leigh waves of different propagation directions and bo
waves~longitudinal and transverse!. Steg and Klemens have
shown that when impurities are less than a wavelength be
the surface, the Rayleigh waves scatter almost exclusiv
into other Rayleigh waves of the same frequency but diff
ent directions. Using a first-order Born approximation f
surface irregularities, the scattering rate of the primary R
leigh wave was found to vary as the fifth power of frequen
In the present paper we consider scattering centers below
surface which we model as lines parallel to the incomi
wave front so that the problem is kept two-dimensional
simplicity. Hereafter, we neglect the mixing between surfa
waves and body waves. The scattering rate of Rayle
waves into other Rayleigh waves is one order of magnitu
larger than the scattering rate into body waves as long
kd,3,13 wherek is the wave number of the incoming Ray
leigh wave andd is the depth of the impurity. A more thor
ough analysis, including the effects of bulk waves, wou
tend to decrease the transmission of Rayleigh waves a
the surface, eventually leading to a shorter localizat
length than predicted in this paper. Finally, we assume t
the cross section of the two-dimensional impurities are sm
compared to the wavelength of the surface waves and
model them asd scatterers. The geometry of the problem
illustrated in Fig. 1.

We consider a Rayleigh wave with a fixed frequency
cident from the left on a two-dimensional disordered array
scatterers located in a region of lengthL along thex axis.
The scatterers are assumed to be parallel to they axis and
randomly distributed up to a maximum depthd.

Experimentally, a study of the localization of Rayleig
waves would require the placement of geophones on the
face or deep inside the semi-infinite half space in order
record the power per unit area delivered by the surfa
wave.14 For a geophone with its membrane placed perp
dicular to the propagation of the surface wave~x direction in
Fig. 1!, the power per unit area will be proportional to th

FIG. 1. Illustration of a one-dimensional array of circular ro
distributed randomly up to a finite depth in a semi-infinite homog
neous and isotropic medium. The rods are parallel to they axis and
the Rayleigh waves are incident from left to right and propag
along the x direction. The circular rods are modeled as tw
dimensionald scatterers.
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square of the transmission amplitude through the arrayuTu2.
Hereafter, we describe a scattering-matrix technique to
termine the transmission coefficient of the Rayleigh wave
a function of frequency of the primary surface wave. If l
calization occurs as a result of the multiple interference
waves through the disordered array, we expectuTu2 to be of
the form

uTu2;exp~2L/L loc!, ~1!

where L loc is the localization length. Numerically, the in
verse of the localization length is then determined using
following procedure

1/L loc521/L^ lnuTu2& ~2!

as L goes to infinity, where the brackets denote configu
tional averaging.

Since the rods have a small cross section, Navier’s eq
tion for the spatial variation of the medium displaceme
becomes14

F ~l12m!
d2

dx2 1m
d2

dz2 ~l1m!
d2

dxdz

~l1m!
d2

dxdz
~l12m!

d2

dz2 1m
d2

dx2

G F u~x,z!

w~x,z!G

1v2Fr01(
i

r id~x2xi !d~z2zi !G F u~x,z!

w~x,z!G5F00G ,
~3!

wherer0 is the density of the background~semi-infinite me-
dium!, r i is a parameter characterizing the strength of thd
scatterers located at (xi ,zi). It is assumed to be the same fo
all impurities and its magnitude will be determined belo
The „u(x,z),w(x,z)… are the components of the medium di
placement along thex and z axis, respectively. The~l,m!
parameters are the Lame´ constants of the backgroun
medium.15 These parameters are related to the bulk ph
velocity of primary (Vp) and secondary waves (Vs) through
the relationsm5r0Vs

2 and l12m5r0Vp
2.15 Hereafter, we

have neglected the difference between the Lame´ parameters
of the rods and background material for simplicity.

At any point (x,z), the solution of the equation abov
describing Rayleigh wave propagation along the surface
given by Ref. 15

F u~x,z!

w~x,z!G5F f 1~z!

f 2~z!Ggk~x!, ~4!

where the functionsf 1 , f 2 are given explicitly in the Appen-
dix. In the absence of scatterers, the functiongk(x) is a
simple plane wave with wave numberk5v/CR , whereCR
and v are the phase velocity and angular frequency of
incident Rayleigh wave, respectively. For a semi-infinite, h
mogeneous and isotropic medium, it is well known that Ra
leigh waves are dispersionless, i.e.,CR is independent of
frequency.15 In the neighborhood of the surface, for a Ra
leigh wave propagating from left to right in Fig. 1, the m
dium motion is elliptical and counterclockwise in thexz
plane, with a vertical displacement about 1.5 times the h
zontal displacement. The horizontal motion is reduced

-
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PRB 62 12 833LOCALIZATION OF RAYLEIGH WAVES
zero at a depth of about 0.2 times the Rayleigh wavelen
The medium becomes elliptical and clockwise at grea
depth.

In the presence of disorder, the functiongk(x) between
two adjacent impurities along thex axis is a superposition o
left- and right-going plane waves

gk~x!5A1e2 jkx1A2e1 jkx. ~5!

If we consider a Rayleigh wave incident from the left, w
have

gk~x!5e2 jkx1Re1 jkx ~6!

for x,0, and

gk~x!5Te2 jkx ~7!

for x.L.
To find gk(x) anywhere in region@0,L#, we first derive a

differential equation forgk starting with Eq.~3!. Substituting
Eq. ~4! in Eq. ~3!, multiplying on the left by row vector
( f 1* , f 2* ) ~where the asterisk stands for complex conjuga!,
and integrating fromz50 to `, we obtain

@~l12m!a11ma2#g̈k~x!1~l1m!~b11b2!ġk~x!

1@~l12m!g21mg1#gk~x!1v2S r0~a11a2!

1(
i

r ih id~x2xi ! Dgk~x!50, ~8!

where the dot stands ford/dx. In Eq. ~8!, some short-hand
notations have been used by introducing the coefficie
(a1 ,a2), (b1 ,b2), and (g1 ,g2), written explicitly in the
Appendix. Furthermore, the coefficientsh i are defined as
follows:

h i5 f 1* ~zi ! f 1~zi !1 f 2* ~zi ! f 2~zi !. ~9!

At the locationxi of the i th rod, we requiregk(x) to be
continuous. Furthermore, starting with Eq.~8! and integrat-
ing across thei th scatterer, i.e., over the interval ]xi2e,xi
1e@ and lettinge go to zero, we get

@~l12m!a11ma2#@ ġk~xi
1!2ġk~xi

2!#1v2(
i

h ir igk~xi !

50. ~10!

To calculate the overall transmission coefficient across
entire array, we use a scattering-matrix approach with
cascading rules given, for instance, in Ref. 16. This requ
the derivation of the scattering-matrix across an individ
scatterer (Si)

Si5F Ti Ri8

Ri Ti8
G , ~11!

where the (Ri ,Ti) are the reflection and transmission amp
tudes across the scatterer for a Rayleigh wave incident f
the left and (Ri8 ,Ti8) are the reflection and transmission am
plitudes for a wave incident from the right. To determi
(Ri ,Ti) ~which is independent of the location of the scatte
h.
r

ts

e
e
s
l

m

r

along thex axis!, we consider the scattering problem acros
single d scatterer at location (0,zi). Continuity of gk(x) at
x50 implies

11Ri5Ti , ~12!

whereas Eq.~10! leads to

@~l12m!a11ma2#@2 jkTi1 jk2 jkRi #1v2r iRih iTi50.
~13!

This last equation can be rewritten as follows:

e iTi2 jkãRi52 jkã, ~14!

where

e i5v2r iRih i2 jkã ~15!

and

ã5~l12m!a11ma2 . ~16!

Multiplying Eq. ~12! on both sides bye i , we get

e iTi2e iRi5e i , ~17!

which can be solved simultaneously with Eq.~14! to find Ri
andTi . We obtain

Ri5
v2r ih i

@2 jkã2v2r ih i #
, ~18!

and

Ti5
2 jkã

@2 jkã2v2r ih i #
. ~19!

It can be easily shown that

uRi u21uTi u251. ~20!

Furthermore, because of the symmetry of the problem
have

Ri85Ri ~21!

and

Ti85Ti . ~22!

For the array of scatterers, the overall scattering-matrix
tire array can then be obtained by cascading scattering
trices ford scatterers with the scattering matrices represe
ing the phase shifts between scatterers.16

Before we proceed with numerical examples, we first a
lyze in more detail the properties of the transmission coe
cient through a single scatterer. Referring back to Eq.~19!,
Ti is seen to depend on the parametersa1 , a2 , and h i .
Starting with the definitions given in the Appendix, we fin

a15uf0u2F 1

2kp
k21

1

2
d2ks22kdS ks

ks1kp
D G ~23!

and

a25uf0u2Fkp

2
1

1

2
k2S d2

ks
D22kdS kp

ks1kp
D G , ~24!

where

kp5Ak ~25!

and
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ks5Bk, ~26!

where A5A12(CR /Vp)2 and B5A12(CR /Vs)
2. In Eqs.

~23! and~24!, d5AA/B is the ratio between the normal an
tangential particle displacement of the Rayleigh wave pro
gating on the free surface of the semi-infinite medium.17 Fur-
thermore,f0 is the maximum amplitude of the Rayleig
wave in thex direction. Sincea1 , a2 , andh i are all propor-
tional to uf0u2, the coefficientsRi ,Ti are independent off0 .
Settingf051 in Eqs.~23! and~24! and using the definitions
of the parametersks ,kp , we get

a1,25C1,2k, ~27!

where the parametersC1 and C2 are independent of fre
quency and are given by

C151/2A1d2/2B22dA/~A1B! ~28!

and

C25A/21d2/2B22dA/~A1B!. ~29!

Furthermore, using the definitions~A1! and ~A2! in the Ap-
pendix and settingf051, we obtain

h i5k2f ~kR! ~30!

where

f ~kR!5~11A2!e22~kR!A~zi /R!

1~11B2!d2e22~kR!B~zi /R!

22d~A1B!e2~kR!~B1A!~zi /R!. ~31!
ie

e
d
th
x

u
pu

s
te
-

Using the results above, the transmission amplitudeTi be-
comes simply

Ti5
jb

jb2a
~32!

with

a5k4r iCR
2 f ~kR! ~33!

and

b52k2@~l12m!C11mC2#. ~34!

For a typical impurity, the strength of the scattererr i
~with dimensions Kg m21! is determined by imposing the
following condition:

E E dx dzr id~x2xi !d~z2zi !5pR2~r r2r0!5pR2Dr,

~35!

whereR is the radius of the circular rod,r r the density of the
rod material, and we have assumed thatzi.R. The right-
hand side of Eq.~35! ensures thatr i is equal to zero whenr r
is equal tor0 , as it should in the absence of a scatterer.

Using Eqs.~32!–~35! we can rewrite the transmission am
plitude as
Ti5
2 j @C1~Vp

2/Vs
2!1C2#

2 j @C1~Vp
2/Vs

2!1C2#2p~Dr/r0!~CR /Vs!
2~kR!2f ~kR!

. ~36!
r
h a
,
e to

e-
are
The frequency dependence of the transmission coeffic
uTi u2 is therefore controled by the frequency dependence
the term (kR)4f 2(kR).

One-dimensional (1D) limit. If the scatterers are all at th
same depthzi , the problem is purely one-dimensional an
the localization length is equal to the elastic mean free pa3

Using reduced units in which the localization length is e
pressed as the average number of impurities crossed,16 the
localization length can be calculated as follows:

L loc5uTi u2/uRi u25ubu2/uau2. ~37!

The actual localization length must then be obtained by m
tiplying this number by the average distance between im
rities in thex direction.

The qualitative dependence of the localization length a
function of the Rayleigh-wave wavelength can be estima
as follows. From Eqs.~36! and ~37!, we obtain

L loc;l4/ f 2~l!. ~38!

For l→`, f 2(l) reduces to a constant andL loc;l4. For
l→0 ~i.e., v→`) and sinceB2A,0, we have

f ~kR!;e22kRB~zi /R!~11B2!d2, ~39!
nt
of

.
-

l-
-

a
d

leading to

l loc;l4el0 /l, ~40!

where

l058pBzi . ~41!

Therefore, we expect the localization length~or elastic mean
free path! to reach a minimum at a wavelengthl* given by

l* ;l0/4. ~42!

If the zi ’s are random~with R,zi for our model to be
valid!, we still expect the localization length to diverge fo
both small and large wavelengths and therefore to reac
minimum for some specificl* . Indeed, for small frequency
the transmission amplitude across any scatterer is clos
unity ~independent of their location! since their scattering
strength is proportional tov2. Because we use ad-scatterer
model for the impurities, the theory is valid for values ofl
down to;2R, or equivalently forkR values up to;p ~see
the numerical examples below!. For smalll and fixedzi , the
function f (kR) exponentially goes down to zero. This corr
sponds to the fact that Rayleigh waves of high frequency
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PRB 62 12 835LOCALIZATION OF RAYLEIGH WAVES
propagating closer to the surface, a phenomenon quite an
gous to the skin effect for high-frequency current movi
through metals. As a result, forl→0, the impurities located
below the surface do not affect Rayleigh-wave propagat
Even for the impurities close to the surface, the transmiss
coefficient eventually approaches unity as the frequency
creases. In other words, there are fewer and fewer scatt
felt by the Rayleigh waves as the frequency approaches
finity and the localization therefore diverges asl21→`.
The prediction of a minimum of the localization length at
intermediate value ofkR is therefore expected to hold eve
for more advanced models for the scatterers. Only the lo
tion of the minimum along thekR axis is expected to change

In the next section we describe simulation results for
frequency dependence of the localization length of Rayle
waves calculated using Eq.~2!.

III. RESULTS

Hereafter, we consider arrays of two-dimensional ela
scatterers distributed along thex andz axes. Thezi locations
are assumed to be less than or equal to a maximum depd.
We only take into account disorder due to the random lo
tions of the rods and assume allr i ’s in Eq. ~3! to be identi-
cal. The strengthr i of each scatterer is fixed using Eq.~35!.
In the simulations, the density of the semi-infinite mediu
and rods is set equal to 7.83103 and 15.53103 Kg/m3,
respectively.18 For the background medium, the prima
(Vp) and secondary (Vs) wave velocities are selected to b
5800 and 3100 m/s, respectively.14 In that case, the phas
velocity of Rayleigh waves along thex axis is calculated to
be 2876 m/s, a value independent of frequency for a se
infinite medium.15

Figure 2 is a plot of the transmission coefficient acros
single impurity versuskR for different values ofzi /R. We
note the following features: first, for a fixedzi /R, the trans-
mission coefficient is close to unity for both low and lar

FIG. 2. Plot of the transmission coefficient through a sin
impurity as a function of the parameterskR for different values of
zR5zi /R, wherek is the wave number of the Rayleigh wave,R is
the radius of the circular rod, andzi is the depth of thei th impurity.
From bottom to top, the curves correspond tozR varying from 2 to
6, in steps of 0.5.
lo-
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-

ers
n-

a-

e
h
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-
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a

values ofkR. This is in agreement with the fact that, for lo
kR, Rayleigh waves extend over a region much larger th
the impurity size. The impurity acts as a weak scatterer
the transmission coefficient through the impurity is close
unity. Second, for sufficiently largekR, Rayleigh waves are
located closer to the free surface and decay over a len
scale shorter than the locationzi of the fixed impurity, hence
the transmission coefficient is also close to unity. This l
assertion is true independent of the model of the scatter

Case 1: 1D random arrays. We first consider disordered
arrays of scatterers with the location of thei th impurity se-
lected as follows „x( i ),z( i )…5„@8i 13.99 ran(i )#R,2R…,
where R is the radius of the circular rod and ran(i ) is a
uniform random number between21 and11. Since all im-
purities have the same depth, this case corresponds to th
limit analysis in Sec. II. The full line in Fig. 3 is a plot of th
inverse localization length calculated using Eq.~2! while av-
eraging over 1000 samples. The analytical expression for
inverse localization length@Eq. ~37!# is plotted as a function
of the parameterkR and is a very good fit to the numerica
results. The localization length reaches a minimum forl*
;l0/4 where l0 is given by Eq.~41!. For the 1D array
considered here 8pB;7.5, zi52R, and thereforel*
;3.75R. As a result, we expect 1/L loc to reach a maximum
for a value ofkR equal to 2pR/l* ;1.7. This value is in
good agreement with the numerical results shown in Fig
and is below 2, the value above which thed-scatterer model
breaks down.

According to the analysis of Steg and Klemens,13 the scat-
tering rate of Rayleigh waves into bulk waves is negligib
as long askd,3. In our case, the depth of each impurity
equal to 2R. Therefore, pastkR51.5, we expect the trans

FIG. 3. Plot of the inverse of the localization length versus
parameterkR5vR/CR . The full lines are the inverse of the loca
ization length calculated using Eq.~2! while averaging over 1000
samples. The dashed line is the result derived using Eq.~37!. The
localization length is in units of the number of impurities crossed
the x direction. The simulations are for different disordered arra
of impurities. The curve labeled 1D corresponds to impurities al
the same depthzi52R but distributed randomly along thex axis
„xi5@8i 13.99 ran(i )#R, where ran(i ) is a uniform random numbe
between@21,11#…. The curve labeled ‘‘Quasi-1D’’ corresponds t
samples made of three 1D arrays located at depths equal to 2R, 5R,
and 8R, respectively. The curve labeled 2D corresponds to the t
dimensional disordered samples described in the text.
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12 836 PRB 62B. GARBER, M. CAHAY, AND G. E. W. BAUER
mission coefficient through the array, and therefore the
fective localization length, to decrease below the value p
dicted here. This may lead to a shift and larger value of
maximum shown in Fig. 3. However, at high frequencies,
coupling to the bulk waves is suppressed and we still exp
the localization length to diverge in this limit. The maximu
observed in Fig. 3 is therefore expected to be at least qu
tatively correct. With the inclusion of bulk waves, the ran
of kR values at which we expect the minimum localizati
length can be estimated as follows. The amplitude of R
leigh waves in thez direction is related to the magnitude o
the functions (f 1 , f 2) in Eq. ~4!. From the expressions give
in the Appendix, bothf 1 and f 2 become negligible at the
depthzi of the impurity array whenever, say,

kBzi;5. ~43!

Sincezi52R and 8pB;7.5, the amplitude of the inciden
Rayleigh wave atzi is negligible wheneverkR;8. No bulk
waves can be generated by the impurities at depthzi past that
limit. The effects of surface roughness could become imp
tant, however, pastkR;8, as discussed below. As a nume
cal example, if we selectR51 mm, the theory above pre
dicts that the minimum localization length of the syste
considered above would reach a value of 6.7 cm for a R
leigh wave excited on the surface at a frequency of 0
MHz.

Next, we consider arrays of impurities composed of th
layers of 1D arrays of scatterers with theirx locations se-
lected as in the previous example and with their depth eq
to 2R, 5R, and 8R, respectively. For the impurities at dep
equal to 5R and 8R, the transmission coefficient is nea
unity, as can be seen in Fig. 2. The impurities at these de
merely introduce an additional phase shift between the
purities located at the top array. Expressed as an ave
number of impurities crossed, the localization length is the
fore expected to be three times longer than in the previ
example. Expressed in meters, the localization length
however, the same as in the previous example since the
sity of impurities per unit length along thex axis is three
times larger than in the 1D case considered above. This
numerical simulation shows that the wavelength depende
of the localization length of Rayleigh waves is merely a
fected by scatterers close to the surface.

Case 2: Two-dimensional (2D) random arrays. In this last
example, we calculate the localization length of 2D dis
dered samples generated as follows. The depth of each
purity is selected randomly and uniformly between 2R and
8R. We generate block of five impurities at a time with the
x location selected randomly in each blockj with a uniform
distribution over the interval@8( j 21),8j #R. This generation
of impurities block by block is made in order to avoid th
time-consuming sorting process of thex location of the im-
purities if they are generated randomly over the entire len
of the sample. In Fig. 3 we plot the average~over 1000
samples! of the inverse of the localization length. Again, w
observe a nonmonotonous behavior of the localization len
with a minimum at a value different from the one predict
for a purely 1D array of scatterers. This is because the tra
mission coefficient for the impurities close to the surfa
have different magnitudes when the depth of the impuritie
allowed to vary. The main feature of this last example is t
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the occurrence of the minimum in the localization length
Rayleigh waves is still observed for 2D arrays.

Actually, for the case of 2D arrays of impurities, the i
verse of the localization length can be estimated starting w
Eq. ~37! and calculating the weighted average

1/L loc51/6RE
2R

8R

dzi uRi u2/uTi u2, ~44!

where Ri and Ti are given by Eqs.~18! and ~19!, respec-
tively. A plot of this average value is shown as a dashed l
in Fig. 3. Stated otherwise, the 2D arrays of scatterers ca
interpreted as 1D arrays of scatterers with a scatte
strength obtained using the averaging procedure above.

IV. CONCLUSIONS

We have used a scattering-matrix approach to study
localization length of Rayleigh waves propagating in a se
infinite medium in the presence of a random array of o
dimensional circular rods with a density different from th
density of the semi-infinite medium. For simplicity, the wa
front of the incident waves was assumed to be perpendic
to the two-dimensionald scatterers. The latter are parallel
the surface of the semi-infinite medium and are located u
a maximum depth.

The localization length is found to diverge at both lar
and small values of the wavelength of the incident Rayle
wave and to reach a minimum at an intermediate wa
length. This behavior is expected independent of the mo
of the scatterer. At low wavelength, the divergence is
pected since the strength of the scatterers vanishes asv2. At
large frequencies, Rayleigh waves are located closer to
surface and are therefore sensitive to a smaller numbe
scatterers.

In our analysis, the assumption of 1D scatterers paralle
the y axis in Fig. 1 was made for simplicity. For scattere
whose extent along they axis would be shorter than th
wavelength, the analysis would need to be repeated w
fully 3D scatterers. These scatterers would induce diffu
scattering, i.e., coupling between Rayleigh waves with d
ferent (kx ,kz) wave-vector components. This would increa
the localization length at any particular wavelength. Ho
ever, the localization length would still be expected to
verge at large and small values of the wavelength beca
the arguments given above hold also for 3D scatter
Therefore, even for this more general case, the localiza
length is a nonmonotonic function of the wavelength a
reaches a minimum at some intermediatel.
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The functionsf 1 and f 2 defined in Eq.~4! and describing
the propagation of Rayleigh waves through a semi-infin
medium can be calculated explicitly,15

f 1~z!5 jkH 2expF2kA12S CR

Vp
D 2

zG1dA12S CR

Vs
D 2

3expF2kA12S CR

Vs
D 2

zG J ~A1!

and

f 2~z!5kH 2A12S CR

Vp
D 2

expF2kA12S CR

Vp
D 2

zG
1d expF2kA12S CR

Vs
D 2

zG J , ~A2!

whered is given by

d5
22~CR /Vs!

2

2A12~CR /Vs!
2

~A3!
e-

hy

hy

J

d

et

g

e

andk5v/CR is the wave number,CR andv being the phase
velocity and angular frequency of the incident Raylei
wave, respectively. The coefficients (a1 ,a2), (b1 ,b2), and
(g1 ,g2) in Eq. ~8! are defined as follows:

a15E
0

1`

dz f1* ~z! f 1~z!, ~A4!

a25E
0

1`

dz f2* ~z! f 2~z!, ~A5!

b15E
0

1`

dz f1* ~z!
d f2~z!

dz
, ~A6!

b25E
0

1`

dz f2* ~z!
d f1~z!

dz
, ~A7!

g15E
0

1`

dz f1* ~z!
d2f 1~z!

dz2 , ~A8!

and

g25E
0

1`

dz f2* ~z!
d2f 2~z!

dz2 . ~A9!
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