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Abstract – Calorimetric, Raman and electrical conductivity properties of alkali borates
(100 − x)B2 O3 -xM2 O (M = Li, Na) are studied as a function of composition (x) and these show
the presence of stiﬀness transitions and an intermediate phase which are driven by a combination of network dimensionality change and usual topological constraint changes. This picture
is conﬁrmed by a detailed Raman analysis showing that speciﬁc modes of molecular structural
groupings dominate the network structure in the intermediate phase. Their evolution shows a
one-to-one correspondance with the observed non-reversing heat ﬂow at the glass transition, and
are correlated with thresholds in ionic conductivity that allows identifying a ﬂexible phase at high
alkali content, whereas the mildly stressed-rigid B2 O3 -rich glasses are driven by the conversion of
planar 2D boroxol ring structures into the 3D structural groupings. These ﬁndings deeply modify
the usual picture of these archetypal glasses, and reveal the very ﬁrst example of the onset of
rigidity tuned by network dimensional conversion.
editor’s choice
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Rigidity theory provides a remarkably powerful atomic
scale approach to understanding the eﬀect of composition
on physical, chemical and mechanical properties of disordered solids [1]. It has received renewed attention in recent years due, in part, to promising and quite unexpected
applications in materials science and technology [2–4].
While the core of the theory relies essentially on the early
work of Maxwell [5] on mechanical constraints and rigidity of macroscopic structures, its application to amorphous covalent networks has emerged from the recognition
that bond-stretching (BS) and bond-bending (BB) interatomic interactions can be treated in the same way [6].
Speciﬁcally, the number of constraints nc arising from
such forces are compared to the dimensionality D of the
space in which the atomic structure is embedded. When
(a) Present address: Department of Physics, Faculty of Science,
University of Jaﬀna - Jaﬀna 40000, Sri Lanka.

nc = D, one recovers the usual Maxwell stability criterion
of isostatic structures and, in glasses, this particular condition has been identiﬁed with a rigidity transition [7,8]
separating weakly connected ﬂexible (or hypostatic) from
stressed-rigid (hyperstatic) networks having a large connectivity. At the transition point, the number of lowfrequency (ﬂoppy) modes F = D − nc found in the ﬂexible
phase vanish [9], and act as an order parameter. There has
been a vast body of experimental literature [10] showing
that such elastic phase transitions can be detected from
calorimetric, optical, or mechanical probes in chalcogenide
and oxide glasses.
In most of these materials, the network is considered
to be three-dimensional, D = 3, so that the number of
constraints nc is essentially changed by an appropriate alloying of a chain cross-linker in order to achieve the transition nc = D. While several theoretical studies of rigidity
transitions have focused on simple 2D lattices [11,12],
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corresponding experimental studies have not been considered so far, because there are actually only a limited number of glassy materials showing a local 2D dimension. Such
a situation is met in alkali borates (100 − x)B2 O3 -xM2 O
(M = Li, Na) which are, among the oxide glasses, unusual in many respects. Indeed, the base oxide, B2 O3 , is
composed of planar (2D) BO3 triangles (B3), with a majority (> 75% [13,14]) of these local units forming part of
3-membered planar rings —boroxyl rings (BR)— which
comprise elements of medium-range structure. Lithia or
soda alloying leads to the replacement of B3 by a tetrahedrally coordinated boron (B4) with a charge compensating
alkali [15], and furthermore involves changes leading to the
formation of 3D “mixed rings” composed of various ratios
of B3:B4 species (from 3:0 (BR) up to 1:2 in disodium triborate) in structural groupings (SG) identiﬁed as pentaborate, tetraborate or triborate medium-range structures,
as revealed from systematic 11 B NMR [16], Raman scattering [17], Infrared reﬂectance studies [18] as a function
of alkali content. These networks, thus, obviously evolve
from a 2D to a 3D local structure.
In this letter we report, for the ﬁrst time, on the
existence of rigidity transitions driven by changes in
network dimensionality. Our analysis shows that three
elastic phases —stressed-rigid, intermediate, ﬂexible—
actually emerge when both the local dimension and the
connectivity (or nc ) of the network backbone of alkali borates (100 − x)B2 O3 -xM2 O with M = Li (LiB, hereafter)
and M = Na (NaB) are tuned as a function of alkali content. Local structures and medium-range superstructures
(structural groupings, SG) form with alkali alloying, and
are characterized at a level of unprecedented accuracy. At
low alkali content (x < 20%) pure (BR) rings convert to
mixed rings as the network global connectivity increases
with increasing alkali content, as reﬂected in the glass
transition temperature Tg variation. However, the Raman
active symmetric stretch frequency of the BR steadily softens and broadens suggesting a steady increase of network
dimensionality from quasi-2D at x = 0 to 3D at x  20%.
In the present glasses the increase of network connectivity comes at the expense of a dimensionality increase, as
B4 units replace B3 ones leading to global softening of
the backbone. That view of a dimensional regression is
independently supported from the boson mode scattering
strength and the dc ionic conductivity variation with alkali
content as we discuss here.
To provide a general framework for the experimental investigations, particularly compositional studies, we
ﬁrst use a mean-ﬁeld model of topological constraint
counting [19] in 2D and 3D, in combination with a simple
relationship between connectivity and subnetwork dimensionality of amorphous alloys [20]. In order to explore the
Maxwell stability criterion of alkali borates, and to balance
the constraint count nc with the change in D, we ﬁrst calculate structural correlations in a (B3,B4) network structure with respective concentrations N3 and N4 . Assuming
that there are no B4-B4 connections at low alkali content,

Fig. 1: (Color online) Top: typical local structures found in
alkali borates: a BO3/2 triangle (B3), a MBO4/2 tetrahedron
(B4), and MBO3/2 triangle containing one non-bridging oxygen
(B2). Bottom: behavior of the 3-3 subnetwork dimensionality
d33 in (100 − x)B2 O3 -xM2 O as a function of alkali content x.
Right axis: calculated number of topological constraints nc as
a function alkali content x (eq. (2), red curve). The isostatic
compositional intervals for Li- and Na-borates (LiB and NaB)
are determined from ﬁg. 2.

the statistical distribution of pairs Nij (i, j = 3, 4) [16],
and the partial coordination numbers Cij = Nij /Ni can
be calculated:
3 − 10x
,
1 − 2x
4x
=
1 − 2x

C33 =
C34

(1)

and, of course, C44 = 0 and C43 = 4 when x is low
(< 0.20). In eq. (1), x is written as mole fraction of
modiﬁer. We then build on the approach of Mosseri and
Dixmier [20] by deﬁning a dimensionality dij = Cij − 1
of local arrangements of bonds around a given unit, B3
or B4. When the partial coordination number is three
(i.e. C33 = 3 met at x = 0), then the dimensionality
takes an integer value, and the dimension of the associated subnetwork is 2. For the 33 network (B2 O3 -like), one
has from eq. (1): d33 = (2 − 8x)/(1 − 2x) which decreases
(1 < dij < 2) as a function of alkali content x, and becomes ﬁlamentary, i.e. d33  1 as x approaches xc  1/6.
When the dimensionality of this subnetwork becomes less
than 1 (x > xc = 16.6%), this B3 subnetwork now consists of isolated regions of B3-B3 connections. One can,
therefore, consider that for compositions fulﬁlling x > xc ,
the whole network has now become fully 3D (black curve
in ﬁg. 1).
To calculate the number of constraints nc , we ﬁrst use
the random pair model of Gupta [15,21] which gives the
statistics pi (i = B3, B4 and B2) of local structures as a
function of alkali content. At low content, conservation of
charge leads immediately to pB4 = x/(1−x) and pB3 = 1−
pB4 as the presence of B2 units can be safely neglected up
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Fig. 2: (Color online) Glass transition Tg (a), non-reversing heat ﬂow ΔHnr ((a), red curve, right axis) and Raman mode
scattering strength variation due to mixed rings (b) as a function of lithium content x in (100 − x)B2 O3 -xLi2 O (LiB) glasses.
Glass transition Tg (c), non-reversing heat ﬂow ΔHnr ((c), red curve, right axis) and Raman mode scattering strength variation
due to mixed rings (d) as a function of sodium content x in (100 − x)B2 O3 -xNa2 O (NaB) glasses. In both glasses, the deep
square-well deﬁned minimum of ΔHnr deﬁnes an intermediate phase (IP, gray zone) between the stressed-rigid and the ﬂexible
phase. As shown in (b) pentaborates (PB: 16.6%) and tetraborates (Tetra-B: 20%) determine the IP width in LiB, while in (d)
tetraborates (Tetra-B: 20%) and triborates (Tri-B: 25%), and to a lesser extent diborates (Di-B: 33.3%) and tripentaborates
(Tri-Penta-B: 37%) species are responsible for the IP in Na-B.

to x  33.3%. At higher compositions (x > 33.33%), the
presence of B2 units leads to the depolymerization of the
network structure, and a reduction of network connectivity
as reﬂected in the glass transition temperature variation
(see below). We then enumerate constraints [19] of the
system using
 i
N pi (x)
,
(2)
nc (x) = i ci
i N pi (x)

D(x) and nc (x). We are not aware of any other system
where such combined eﬀects take place. The presence of a
ﬁnite width Δx where the network can be viewed as isostatically rigid indicates the possibility of the formation of
a stress-free intermediate phase (IP) [10,19,22].
In order to detect the latter, we have performed MDSC
experiments and established the compositional variation
in the Tg (x) and enthalpy of relaxation ΔHnr (x) at Tg
of LiB and NaB glasses1 . The minuscule ΔHnr (x) term
(red curves in ﬁg. 2(a), (c)) in compositional reversibility
windows (14% < x < 27% and 20% < x < 40% for LiB
and NaB, respectively) is the signature for the isostaticity
of that phase, as previously established for a large number of inorganic glasses [10,22,23]. For the case of NaB,
we furthermore detect that the centroid ( 30%) of our
IP is related to the compositional location of a fragility
anomaly in the corresponding liquid [15], a correlation also
established recently [23]. We identify it with the rigid but
unstressed nature of networks occurring in that composition range, i.e., representing the IP (ﬁg. 1). The compositional trends in glass transition temperature in LiB and
NaB interestingly show a maximum of Tg (x) that is located nearly in the center of the reversibility window. The

where Nci is the number of constraints of species i (i =
B3,B4,B2) computed in 2D (x < xc ) or 3D (x > xc ) for
B3, and in 3D for the other species, and N i is the number of atoms of species i. The evolution of nc with alkali
content is shown in ﬁg. 1 (red curve), and the conclusion
becomes apparent when nc (x) is compared with the evolution of D(x). In the base network (B2 O3 ), the local dimension of the network is 2D and the network is stressed rigid
(F(0) = D − nc (0) = −0.6). As the alkali content x is
increased, B3 units convert into B4 ones, which accomodate charge compensation, and result in an increase of nc
(eq. (2)). However, at the same time, the dimensionality
d33 of the B3 subnetwork decreases, and a 3D network
driven by B3-B4 correlations sets in, reducing the number
of ﬂoppy modes F = D(x) − nc (x). At xc = 16.66%, the
1 See synthesis and characterization in the supplementary
network can be viewed as 3D, and the Maxwell stability information available at http://secs.ceas.uc.edu/∼pboolcha/
criterion nc  3 is achieved by a simultaneous increase of journals.htm.
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Table 1: Left: identiﬁed Raman mode frequency f (in cm−1 ), composition xp at which corresponding fractional intensity is
maximized (ﬁg. 2(b), (d)); right: nature of the structural grouping (SG), and corresponding B3:B4 ratio and stoichiometry xSG .

f (cm−1 )
808

Glass
B2 O3

xp (%)
0

770
770
750
740
705
705

LiB
NaB
LiB
NaB
LiB
NaB

20.0
26.0
29.0
38.0
30.0
37.0

Structural grouping
BR
Penta-B
Tetra-B
Tri-B
Di-Penta-B
Di-B
Tri-Penta-B
Di-Tri-B

observation suggests the minimal role of non-bridging oxygen to aspects of structure that determine the reversibility
window given that B2 onsets only at x > 33.33% [15,21].
But unlike all the previous cases investigated [10,22,23], in
the present case of alkali borates one is able to establish
the non-random nature of structural groupings (SG) that
contribute to the formation of the IP. This is obtained
from detailed Raman scattering results.
The present conclusions (ﬁg. 2(b), (d)) ﬁrst build on
the assignment of Brill [24], who recognized that alloying
Na2 O into a B2 O3 base glass leads to a conversion of BR
(with B3 to B4 ratio 3:0) into a mixed ring (MR) having
two B3 and one B4 (2:1) with a compensating Na cation in
its vicinity. The vibrational signature of these ring species
are well recognized: the 808 cm−1 mode for BR [13,25],
and the 770 cm−1 mode for a MR. Vibrational modes of
these ring species are observed in Raman scattering (see
supplementary information available at the web site given
in footnote 1 ). It has also been recognized [24] that the
red-shift (770 cm−1 ) of the MR compared to the BR-mode
(808 cm−1 ) is due to the longer length of an sp3 tetrahedral bond (1.43 Å) compared to a planar sp2 one (1.32 Å)
as replacement of a B3 by a B4 lowers the eﬀective spring
constant of the ring resulting in the red-shift of the symmetric stretch vibration.
Other typical structural groupings (SG) containing
mixed ring species [16] include pentaborate (Penta-B),
triborate (Tri-B) and tetraborate (Tetra-B), which correspond to a well-deﬁned stoichiometry xSG (table 1).
Once the Raman spectra are deconvoluted and their parameters determined (frequency f , linewidth, intensity)
and followed with alkali content, non-monotonic behaviors (ﬁg. 2(c), (d)) are found for certain modes, and these
display maxima in the fractional integrated intensity at
various compositions xp (ﬁg. 2(b), (d) and table 1). These
observed composition maxima xp are then compared to
those (xSG ) which are associated with SGs given that one
expects their corresponding mode scattering strength to
show maxima as well. For instance, stoichiometry imposes that for an alkali Tetra-B the maximum in mode
scattering should occur near xGS = 20%, and near 16.6%

B3:B4
3:0
4:1
3:1
2:1
3:2
1:1
2:3

xSG (%)
0
16.7
20.0
25.0
28.5
33.3
37.5

1:2

40.0

for an alkali Penta-B. This allows decoding the nature of
the SGs (table 1) found by tracking Raman mode scattering strenghts. More importantly, we arrive at the conclusion that select structural groupings populate the IP
compositions, and their evolution with alkali content x
can be associated with the boundaries of the IP.
As seen from ﬁg. 2(b), with the smaller-sized alkali-ion,
Li-Penta-B and Li-Tetra-B contribute to the formation of
the IP. On the other hand, with the larger-sized alkaliion, sodium Tri-B groupings are dominant, while diborate
(Di-B) and Tri-Penta-B groupings contribute to a lesser
extent to the IP. Note that in going from Li to Na, the IP
centroid shifts to higher x and also becomes wider in x.
These trends are manifestations of the higher crystal ﬁeld
of the smaller Li+ -ion compared to the Na+ ion that stabilizes the higher multiborate groupings (Penta- and Tetra-)
with the former than with the latter. The multi-borate
groupings house the B4 cations, and remarkably the features of the calorimetric data that maximizes Tg , Raman
scattering results also maximize select multi-borate SGs.
A constraint count on these structural groupings shows
that these have nc  3, and will lead to networks that
display the usual signatures of isostaticity such as space
ﬁlling tendencies [26] or thermal expansion anomalies [27].
Finally, we present dc conductivity σ on LiB and NaB
glasses as a function of composition (ﬁg. 3). Interestingly,
we ﬁnd that σ tracks the transition from a stressed-rigid to
isostatic network, given that the IP boundaries (x = 14%
and 20% for LiB and NaB, respectively) are manifested by
striking jumps in ionic conduction as previously discovered
in other solid electrolytes [28,29], and established from an
ion hopping model [30]. It should be noted that the activation energy EA which is calculated from the Arrhenius
temperature behavior of σ(T ), also displays an important
jump near 14% and 20% for LiB and NaB, respectively
(see supplementary information available at the web site
given in footnote 1 ). At very low compositions (x < 14%),
both LiB and NaB systems behave similarly, and display
a moderate increase of σ(x). But, as glasses soften, a
rather striking increase of σ by several orders of magnitude for moderate changes in alkali content is observed,

56001-p4

Rigidity in borates

xs(Na)
LiB

xs(Li)

0.0001

−1

0

5

Na2O (%)
10
15

20

0.7
0.6

1e-06

Boson
NaB

1e-08
0

10

20

0.5
0.4

Boroxyl
30
40
M2O (%)

0.3
50

60

0.2

Normalized scattering strength

-1

σ (Ω .cm )

0.01

Fig. 3: (Color online) dc ionic conductivity at 300 ◦ C in lithium
(red dots) and sodium (black dots) borate glasses as a function
of modiﬁer content x at 300 ◦ C. The inset shows the Boson
mode scattering strength variation.

and it underscores the loss of stressed rigidity induced by
these dimensional changes. Ultimately, ﬂexible network
backbones (x > 40%) emerge, which more easily elastically deform due to presence of ﬂoppy modes, resulting in
an enhanced ion diﬀusion.
The physical picture that emerges from our results is as
follows. The locally 2D character of sp2 bonded 3-fold B
in the base B2 O3 glass, experiments supported by rigidity theory, shows that when the base glass is modiﬁed by
alkali oxide (Li2 O or Na2 O), physical properties including calorimetric, Raman scattering and ionic conductivity evolve compositionally to display the ﬁngerprints of a
stress-elastic phase transition that is driven by an underlying network dimensional regression. The nature of the
isostatically rigid SGs that contribute to the IP is identiﬁed by detailed Raman mode frequency and scattering
strength variation in dry and homogeneous glasses. These
results conﬁrm that the crystal ﬁeld eﬀect of Li⊕ higher
than that of the Na⊕ ion underlies their formation. In
addition, the Raman data also show the boson mode scattering strength to be the highest in the base glass (B2 O3 ),
and to steadily decrease scaling linearly with the BR mode
scattering strength (inset of ﬁg. 3), and to nearly vanish as
the soda content increases to about x = 20% (ﬁg. 2(d)).
The boson mode, viewed as a ﬂoppy mode [31,32] in a
network glass, would then clearly be inconsistent with a
model of the present glasses consisting of an isostatic base
glass (B2 O3 ) that steadily softens upon soda alloying. On
the other hand, our observation is fully consistent with
the much weaker oﬀ planar van der Waals interactions
serving to stabilize the locally 2D BRs (with respect to
the much stronger intra-planar interactions) embedded in
a 3D network. The boson mode is, indeed, viewed as a
low-frequency defect mode [33] with its high intensity in
the stressed-rigid base glass (B2 O3 ) reﬂecting the high BR
fraction, and its intensity vanishing as the BR-fraction
vanishes upon soda alloying. It is believed that these

eﬀects are generic, and given the commonality of ﬁndings between LiB and NaB, should certainly be observable
in other families of borates (potassium or alkaline-earth
based), while also extendable to multicomponent glasses
having borates as a base ingredient.
The present work reports the ﬁrst experimental
realization of ﬂexible to rigid transitions driven by dimensional crossover, close to what has been reported theoretically in purely 2D networks [11,34]. Our results emphasize
the central role played by local dimensional changes upon
alloying, and highlight the presence of certain isostatic
SGs which maximize in the intermediate phase. The relationship between superstructures and rigidity transitions
has rarely been addressed in the literature, except for
the single case of Ge-Se glasses where tetrahedral edgesharing structures were viewed to drive the IP [19], in spite
of a lack of convincing signatures from experiment [8].
The well-deﬁned spectroscopic signature of these SGs in
Raman scattering reveals intermediate-range structures to
be deeply connected to the stress-free IP. The anomalous
behavior of structure with composition should be detected
in diﬀraction experiments. Recent results from Molecular Dynamics simulations [35] seem to give support to
this idea.
Borates are widely used in industrial applications [2,36,37]. Our results of a ﬂexible to rigid transition in two of the most common borate glasses (LiB and
NaB), leads to the perspective that the elastic properties
of such glasses can be used to optimize speciﬁc functionalities including network stability, stress-free character and
weak aging (an IP property [10]), soft networks promoting
ionic conduction (a ﬂexible phase property) for applications in solid-state batteries. It is quite unexpected, and
indeed remarkable that these spectacular changes in physical properties are driven by local dimensional changes and
the breakdown of the local 2D boroxyl rings. The present
approach diﬀers from the coarse graining approach [38]
in that the role of modiﬁers and the dimensional regression explicitely considered in enumerating constraints and
leads in a natural fashion to the IP.
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